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The  r e s u l t s  of  a c o m p a r i s o n  of two m o d e l s  of the mo t ion  of  so i l  m o i s t u r e  a r e  p r e s e n t e d .  It is  shown that  
u n d e r  c e r t a i n  condi t ions  one of  t h e m  d e s c r i b e s  the  mo t ion  of  m o i s t u r e  in the d i r e c t i o n  o f  a m o i s t u r e  g r a d i -  
en t .  

The  d y n a m i c s  of s o i l  m o i s t u r e  h a v e  t r a d i t i o n a l l y  b e e n  d e s c r i b e d  by an equa t ion  of  the d i f f u s i o n - e q u a t i o n  type ,  
which  c o r r e s p o n d s  to the s o - c a l l e d  d i f fus ion  m o d e l .  C e r t a i n  so i l  c o l u m n  e x p e r i m e n t s ,  h o w e v e r ,  cannot  be exp la ined  by 
the  d i f fus ion  m o d e l .  R e c e n t  s tudy of the mo t ion  of  s o i l  m o i s t u r e  has  led to the c r e a t i o n  of a new m o d e l  b a s e d  on r e p r e -  
s e n t a t i o n  of  the  so i l  as  a c r a c k e d - p o r o u s  m e d i u m .  The  new m o d e l  is a g e n e r a l i z a t i o n  of  the  d i f fus ion  m o d e l  and is  con -  
s i s t e n t  with the  a b o v e - m e n t i o n e d  e x p e r i m e n t s .  

The  d i f f e r e n t i a l  equa t i on  fo r  the m o i s t u r e  con ten t ,  ob ta ined  on the  b a s i s  of this  mode l ,  is  not  new and has  a l r e a d y  
been  s tud ied  in connec t i on  wi th  the mo t ion  of  a fluid in c r a c k e d  m e d i a  [1]. H o w e v e r ,  the mot ion  of  m o i s t u r e  in the d i r e c -  
t ion  of  m o i s t u r e  g r a d i e n t ,  de t ec t ed  e x p e r i m e n t a l l y  in so i l  c o l u m n s ,  has  r e c e i v e d  l i t t l e  a t t en t ion .  The  e s s e n c e  of  th is  e f -  
f ec t  was  d e s c r i b e d ,  fo r  e x a m p l e ,  in [2], w h e r e ,  i n c i d e n t a l l y ,  q u a l i t a t i v e  c o r r e s p o n d e n c e  b e t w e e n  the new m o d e l  and the 
mo t ion  of  the m o i s t u r e  a long  the g r a d i e n t  was  noted .  

The  e f f ec t  in q u e s t i o n  c o n s i s t s  b r i e f l y  in the fo l lowing .  If  the in i t i a l  d i s t r i b u t i o n  of  m o i s t u r e  con ten t  in the c o l u m n  
is n o n u n i f o r m  with  r e s p e c t  to the  c o o r d i n a t e  and in t ense  e v a p o r a t i o n  t akes  p l ace  at  the wet  end ,  the m o i s t u r e  conten t  of  
the  r e l a t i v e l y  d r y  end d e c r e a s e s  d u r i n g  the in i t i a l  d r y i n g  p e r i o d ,  desp i t e  the fac t  that  the m o i s t u r e  g r a d i e n t  is s t i l l  d i -  
r e c t e d  t oward  the wet  end .  It  shou ld  be  noted  that  th is  d e c r e a s e  in m o i s t u r e  conten t  a t  the d r y  end is  i m p o r t a n t  f r o m  
the  s tandpoin t  of a m o d e l  c o m p a r i s o n  only  at  s m a l l  t i m e s ,  s i nce  when the m o i s t u r e  g r a d i e n t  changes  s ign  with t i m e  the 
d e c r e a s e  in m o i s t u r e  con ten t  a t  that  end of the s p e c i m e n  b e c o m e s  a s i m p l e  c o n s e q u e n c e  of e v a p o r a t i o n .  

We c o n s i d e r  the fo l lowing bounda ry  va lue  p r o b l e m ,  g iv ing  the m o i s t u r e  con ten t  u(t, x) as  a func t ion  of  t i m e  t and 
c o o r d i n a t e  x on the f in i te  i n t e r v a l  0 -~ x -< H: 

Ou O~u O~u 
Ot ~ D-$xYx'- -i-a-20tOx ~- 

c~ O~u 
~(O,~)=(p(x), Q ( t , z ) = _ D y ~  +a-'- ~tax (1) 

6Q (t, 0) --  au (t, 0) = h, 7Q (t,//) @ ~u (t,//) = .tz . 

Obv ious ly ,  p r o b l e m  (1) is a g e n e r a l i z a t i o n  of  the c o r r e s p o n d i n g  p r o b l e m  f o r m u l a t e d  fo r  the d i f fus ion  equa t ion  and 
goes  o v e r  into the  l a t t e r  when  a -2 = 0 (a = ~) .  All  the c o n s t a n t s  D, a ,  ot, /3, 7 ,  5 , f t , f 2  a r e  a s s u m e d  nonnega t i ve .  As 
noted a b o v e ,  only  s m a l l  v a l u e s  of t a r e  mean ing fu l .  T h e r e f o r e  i t  is na tu ra l  to a s s u m e  that  the quan t i t i e s  o~, f~, y ,  6 , f i ,  
f 2  a r e  cons tan t .  We a l so  note  that  Q(t, 0) > 0 c o r r e s p o n d s  to e v a p o r a t i o n  f r o m  the s u r f a c e  x = 0 and Q(t, H) > 0 c o r r e s -  
ponds  to m o i s t e n i n g  at the l e v e l  x = H. 

P r o b l e m  (1) can  be m a d e  so lvab l e  by us ing  the c l a s s i c a l  F o u r i e r  me thod ,  as  u sed  in [2] in connec t ion  with a l e s s  
g e n e r a l  c a s e .  The  un iquenes s  of the so lu t ion  of  l i n e a r  p r o b l e m  (1) with v a r i a b l e  c o e f f i c i e n t s  is  d e m o n s t r a t e d  by m e a n s  
of  e n e r g y  i n e q u a l i t i e s .  

To  be  s p e c i f i c ,  t e l  us  c o n s i d e r  the v a r i a t i o n  of  the m o i s t u r e  con ten t  wi th  t i m e  u(t ,  x) at  the l eve l  x = t-I~ It is  
e a s y  to s e e ,  f i r s t  of  a l l ,  that  i f  y = 0, then  u(t, H) = f 2 / f l ,  and the p r o b l e m  is a t r i v i a l  one .  A c c o r d i n g l y ,  i t  may  be a s -  
s u m e d  that  y > 0 and, c o n s e q u e n t l y ,  wi thout  l o s s  of g e n e r a l i t y ,  7 = 1. P r o b l e m  (1) is  s o l v e d  by m e a n s  of  a L a p l a c e -  
C a r s o n  t r a n s f o r m a t i o n  with  r e s p e c t  to the  v a r i a b l e  t .  In this  c a s e  i t  is  su f f i c i en t  to c o m p u t e  the  o p e r a t i o n a l  t r a n s f o r m  
v(p) of  the func t ion  u(t ,  H). Then ,  f inding the l i m i t s  

lira v (p) = qD ( H ) ,  l ira  p iv (p) - -  q~ (H)]  ---~ 3. as p ~ 

we ob ta in  the f i r s t  two t e r m s  of  the expans ion  of  u(t ,  H) in p o w e r s  of  t for  s m a l l  t: 
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t~ 
u(t, t t ) :r  ~ =  - ~ u ( t ,  H )  a t  t = 0 .  (2) 

It should a lso  be noted that when a ~ ~o the expansion of v(p) in negat ive powers of p lacks a t e r m  containing p-0.5, 
so that in the expansion of u(t, H) the re  is no t e r m  c~ft. The same  applies  to any powers  of t less  than unity. Thus,  in 
exp re s s ion  (2) the number  )t is of pr inc ipal  in te res t  f rom the standpoint of the modeled effect .  Omitt ing the r a the r  
c lumsy  ca lcula t ions ,  we can wr i t e  )t in the case  5 = 1 (wh ich i s  obviously equivalent  to 6 > 0) in the form: 

H 

0 

o r ( 0 < a < ~ o )  

fo rm 

(3) 

H 

0 

We f i r s t  cons ide r  the case  in which 

/, -{- ar (0) -- DT' (0) = ]2 -- ~ (H) -- D 0' (H) ---- 0, (5) 

This corresponds to the requirement that for 0 < a < oo the boundary conditions of problem (1) at t = 0 have the 

O~u c3~u [ 
OtOx x = o  - -  atc3~ x = H  = 0 "  

If, however ,  we cons ide r  the diffusion model  (a = oo), then Eqs.  (5) imply the continuity of  the boundary conditions 

of  p rob lem (1) at  t = 0. 

To de te rmine  the ra te  of growth of u(t, H) at t = 0 in the case  of the diffusion model  (we denote it by )to), we can 
pass  to the l imi t  as a - -  r in Eq. (3), having f i r s t  in tegrated by pa r t s .  We have 

x0 = DO" (H). (6) 

Equation (6) shows that the ra te  of var ia t ion  of  the moi s tu re  content at the end x = H is ini t ia l ly  de te rmined  by the 
diffusion coeff ic ient  D and the p rope r t i e s  of the ini t ial  d is t r ibut ion ~v(x) at only one point x = H, i f  the model is diffu- 
s ional .  On the o ther  hand, as shown by Eq. (4), if the model  is not diffusional ,  the rate  depends on al l  the values of ~(x) 
(H is a functional of q~'(x)), the ini t ial  flows Q(0, o) and Q(0, H), the length H, and, of course ,  the p a r a m e t e r s  of the 
equation D and a.  Br ie f ly ,  Eq. (6) e x p r e s s e s  the dependence on the local p rope r t i e s  of the p a r a m e t e r s  of the p rob lem 
(incidentally only on the second de r iva t ive  of the initial d is t r ibut ion  at a single point), whereas  (4) e x p r e s s e s  the depend- 
ence on the in tegra l  p r o p e r t i e s .  In this way it is poss ib le  to de t e rmine  the bas ic  d i f fe rence  between the models con- 

side red.  

The fact that X 0 is independent of the flow Q(0, H) prompts  the following comment .  In the case  in quest ion (a = :o) 

0 
Q (0, H) = ~ u (0, H), ~0 = ~ u (0, H). 

Thus, Q(0, H) characterizes the shape of the u(0, x) curve at the point x = H, while X 0 characterizes the variation 

of moisture content with time, i.e., the shape of the u(t, H) curve at the point t = 0. 

Integrat ing by par t s  in Eq. (3) and using (5), we can obtain a more  compact  express ion  for  )t: 

H 
aD ? 

= ~ha-H- ~ q~" (y) ch ay dy, 
o 

Compar ing  the l a t t e r  equation with (6), we see that it d i f fe rent ia tes  the models  even m o r e  sharply,  whereas  )t0 
depends on the value  of ~ "  at  a s ingle point, )t depends on al l  the values  of (P"(X}o This becomes  espec ia l ly  apparent  if  
it is a s sumed  that the p a r a m e t e r  a is suff icient ly smal l  (i .e.,  the coeff ic ient  a -2 is large) .  Then 

H 

~ ~ - f f  Dq~" (y) dy ; 
o 

h e r e  X is the mean of  the function DgV"(x) on the in te rva l  [0, HI, whereas  ~0 is the value of the same function at the 

point x = H. 
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We c o n s i d e r  a few p a r t i c u l a r  c a s e s .  

A t  x = 0 l e t  t he  e v a p o r a t i o n  Q(t ,  0) = f l  > 0, w h i l e  a t  t he  end  x = H l e t  Q(t,  H) = 0. T h i s  m e a n s  t h a t  in  p r o b l e m  (1) 
ol = /3 = f 2  = 0 i s  g i v e n .  I t  t h e n  fo l lows  f r o m  (5) t h a t  ~0'(H) = 0 and ,  a s s u m i n g  ~o,(x) -<- 0, we o b t a i n  ~o"(x) > 0.  T h u s ,  in  
t h i s  c a s e  f o r  the  d i f f u s i o n  m o d e l  we h a v e  t he  i n e q u a l i t y  k 0 > 0, w h i c h  i n d i c a t e s  a n  i n c r e a s e  in  m o i s t u r e  c o n t e n t  a t  • = H 
a t  the  i n i t i a l  i n s t a n t .  On  the  o t h e r  h a n d ,  f r o m  (3) we o b t a i n  

H 

0 

E q u a t i o n  (7) s h o w s  t h a t  X b e c o m e s  n e g a t i v e  (if a > 0 i s  s u f f i c i e n t l y  s m a l l ) ,  i . e . ,  t h a t  a t  t he  r e l a t i v e l y  d r y  end  
(x = H) the  m o i s t u r e  m a y  d e c r e a s e ,  d e s p i t e  the  f a c t  t h a t  t he  m o i s t u r e  g r a d i e n t  is  d i r e c t e d  t o w a r d  t he  p o i n t  x = 0. I t  i s  
p r e c i s e l y  t h i s  e f f e c t  t h a t  d i s t i n g u i s h e s  m o d e l  (1) f r o m  the  d i f f u s i o n  m o d e l  a n d  t h a t  h a s  b e e n  d e t e c t e d  e x p e r i r a e n t a l l y  (we 
h a v e  in m i n d  the  g i v e n  p a r t i c u l a r  e a s e  of t he  b o u n d a r y  v a l u e  p r o b l e m ) .  

S i n c e  t i m  ~ = ~ > 0 as  a ~ = ,  i t  is  p o s s i b l e  to  f ind a v a l u e  of  the  c o e f f i c i e n t  a f o r  w h i c h  ), = 0, i . e . ,  a t h r e s h o l d  
v a l u e  a 1 s u c h  t h a t  a t  a -> a 1 the  e f f e c t  is  no t  s i m u l a t e d .  F o r  t h i s  i t  i s  s u f f i c i e n t  to s o l v e  fo r  a in  the  e q u a t i o n  

H 

aD I 9" (y ) shaydy=- - ] i .  
o 

If  a i i s  s u f f i c i e n t l y  s m a l l ,  i t  c a n  b e  c a l c u l a t e d  a p p r o x i m a t e l y  f r o m  the  r e l a t i o n  

H H 

o o 

T h e  p h y s i c a l  s i g n i f i c a n c e  of r e l a t i o n  (8) i s  a s  fo l lows .  T h e  g r e a t e r  the  d i f f u s i o n  c o e f f i c i e n t  D and  the  t o t a l  e x c e s s  
of  the  m o i s t u r e  c o n t e n t  of  the  s p e c i m e n  as  a who le  o v e r  t he  m o i s t u r e  c o n t e n t  of i t s  r e l a t i v e l y  d r y  end  and  the  l e s s  i n -  
t e n s e  t he  e v a p o r a t i o n ,  the  h i g h e r  t h e  v a l u e s  of a -2 a t  w h i c h  t h e  e f f e c t  of m o t i o n  of m o i s t u r e  a l o n g  the  m o i s t u r e  g r a d i e n t  
is  o b s e r v e d .  

I t  fo l lows  f r o m  (4) t h a t  in a m e d i u m  in  w h i c h  the  i n f l u e n c e  of d i f f u s i v i t y  c a n  be  n e g l e c t e d ,  the  e f f e c t  in  q u e s t i o n  is  
d e t e r m i n e d  only  b y  the  v a l u e s  of  t he  i n i t i a l  f lows a t  the  p o i n t s  x = 0 and  x = H. In fac t ,  in  t h i s  e a s e  i t  i s  p o s s i b l e  to s e t  
D = 0 in  (4), w h e n c e  fo l lows  the  a s s e r t i o n .  

If ,  h o w e v e r ,  t h e  d i f f u s i o n  m e c h a n i s m  p r e d o m i n a t e s ,  t he  p a r a m e t e r  a m a y  be  a s s u m e d  f a i r l y  l a r g e .  By m e a n s  of  
s i m p l e  c a l c u l a t i o n s ,  f r o m  (3) we t h e n  o b t a i n  

~. = Dq~" (H) --  0.ha-lDq) ' ' '  (H) § 0 (a -s) . (9) 

N a t u r a l l y ,  the  p r i n c i p a l  p a r t  of t h i s  r e p r e s e n t a t i o n  i s  X0, and t h e r e f o r e  in  t h i s  e a s e  m o t i o n  a l o n g  the  r a o i s t u r e  

g r a d i e n t  i s  not  to be  a n t i c i p a t e d .  We note  t h a t  a t  l a r g e  a the  " f i n e r "  e f f e c t  is  no t  s i m u l a t e d  e i t h e r .  To be  s p e c i f i c ,  a g a i n  
l e t  o~ = fi = f 2  = gO'(H) = 0 a n d  go'(x) < 0.  T h e n  X 0 > 0 and  the  f a c t  t h a t  ?, < X0 a t  1 << a < ~o m a y  be  c a l l e d  the  " f i n e r "  e f -  
f e c t .  H o w e v e r ,  a s  fo l lows  f r o m  (9), t h i s  d e p e n d s  on the  s i g n  of  go"'(H), w h i c h  m a y  be  a r b i t r a r y ,  and  d o e s  ne t  a f f e c t  the  
s i g n  of  • in  (7). T h u s ,  p r o b l e m  (1) s i m u l a t e s  the  e f f e c t  on ly  a t  v a l u e s  of a ly ing  on  a c e r t a i n  f i n i t e  i n t e r v a l  0 < a I -< 

A n  e x p a n s i o n  a n a l o g o u s  to (2) c a n  a l s o  b e  w r i t t e n  fo r  u ( t ,  0). F o r  t h i s  i t  is  n e c e s s a r y  to s u b s t i t u t e  H - x  fo r  x in  
p r o b l e m  (1) a n d  u s e  (3): 

u (t, O) = ~ (0) ,-k ~ t  + o it) 

H (10) 

0 

By m e a n s  of E q s .  (10) i t  i s  p o s s i b l e  to o b t a i n  a p a r t i c u l a r  c a s e  of  Eq .  (4) on  the  a s s u m p t i o n  t h a t  6 = 0. In fac t ,  i f  
6 = 0, t h e n  f r o m  the  f i r s t  b o u n d a r y  c o n d i t i o n  in (1) i t  fo l lows  t h a t  u ( t ,  0) =-- ~o(0) = c o n s t ;  t h e r e f o r e  )t 1 = 0. F i n d i n g  f r o m  
t h e  e q u a t i o n  )'1 = 0 the  v a l u e  of Q(0,  0) a n d  s u b s t i t u t i n g  i t  in to  (4), we o b t a i n  f o r  6 = 0 the  v a l u e  of  k ( f i g u r i n g  in (2i) 

H 

s  (O, H) shaH--aD f 9' (y)chaydy I , (11) 
o 
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Equation (11) shows that the motion of liquid along the gradient  at the point x = H depends essen t ia l ly  on the 
p r e s e n c e  of evaporat ion at the o ther  end of  the spec imen  x = 0. In fact, if one wishes  to detect  the effect ,  i t  is n e c e s -  
s a r y  to se t  Q(0, H) >- 0, since o therwise  Q(0, H) < 0 and a d e c r e a s e  in the mois tu re  content u(t, H) may be s imply a 
consequence of the r emova l  of mo i s tu re .  But then, when c•'(x) < 0, i r r e s p e c t i v e  of the value of the p a r a m e t e r  a, we 
have the inequali ty X > 0, (5 = 0). Admit tedly ,  even in this case ,  it is poss ible  to obtain a negative r ight-hand side of 
(11) as a resu l t  of a spec ia l  choice of q~(x), while retaining,  however ,  the inequali ty CZ(H) < r Such a function q~(x) 
should have f i r s t  a min imum and then a max imum as x approaches  the point H, a condition that is probably r a the r  di f -  
f icult  to sa t is fy  exper imenta l ly .  Moreove r ,  at l a rge  mois tu re  gradients  in the spec imen  the assumption of a constant 
diffusion coeff ic ient  D is no longer  phys ica l ly  jus t i f iable .  We note that al l  known exper imenta l  ver i f ica t ions  of the ef -  
fect  in quest ion have been obtained in the p r e sence  of intense evapora t ion  f rom the surface  x = 0. 

Final ly,  let  condition (5) not be sa t i s f ied .  Then Eqs.  (3) and (4) a r e  p r e s e r v e d  at a < ~o However ,  at a = ~, (dif- 
fusion model) Eq.  (2) takes the form:  

, [ 2 lf~ st \ , 
u(t, H ) = ( p ( H ) +  3,ot + []2--, q~ (H)--Dq~ (H)] |~-7-~Z'~ -- ~ - | - 7o ( t ) .  

\ r :r~ ! 

Hence it follows that the inc rease  o r  d e c r e a s e  in u(t, H) at sm~l l  t, though it s t i l l  depends on the p a r a m e t e r s  of 
the ini t ial  d is t r ibut ion only at the single point x = H, proceeds  more  rapidly than before ,  s ince 4"t >> t. 

In conclusion,  we note that, knowing the p a r a m e t e r s  of p rob lem (1) and measu r ing  ~t, we can de te rmine  the coeff i -  
c ient  a -2 in Eq. (1) f rom (3) (or (4)). 
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